PiBHSIHHA N HEPIBHOCTI:

MeToAu, MOAY/b, NapamMeTp

LoBiaHuK ans niarotoBkn ao HMT 3 maremartukin

@ — chopMyna € B [0BIAKOBUX MaTepiasiax, aKi MoxHa BigkpuTu nig yac HMT. dopmynu 6e3 3Hauka Tpeba nam’arartu.

Mo3sHaueHHs: O3 — 06nacTb AONYCTUMMX 3HAYEHb 3MIHHOT (Y MiAPYYHUKY — 061acTb BU3HAUYEHHS PiBHAHHSA, HepiBHOCTI); D(f), E(f) —
06n1acTi BU3HaYeHHs i1 3HaueHb OyHKUIT f; dirypHa ayxka — cuctema (BUKOHYHTbCS BCi YMOBW), KBaZpaTHa — CYKYMHICTb (BUKOHYETbLCA

Xo4ya 6 04Ha); < — «PIBHOCWU/IbHO.

1. PiBHOCW/IbHI NepeTBOPEHHS 8-11 K.

PiBHOCWU/IbHI PiBHAHHSA A HacNigKu

O[3 piBHAHHA f(z) = g(z) — MHOXMHa D(f) N D(g);
no3a Helo KOpPEHiB HEMAE.

PiBHSAHHA PIBHOCUNBHI, SIKLLIO MatoTb OAHI i Ti cami
KopeHi (abo 0buasa He MalTb KOPEHIB). [pyre
PIBHAHHA — HACNiAOK NepLUOro, SKLLO KOXeH KOPiHb
NepLUOro € KOpeHeM ApYroro; KOpPeHi Hacniaky, siki He €
KOPEHAMM AaHOro PiBHSAHHSA, — CTOPOHHI.

PiBHOCW/IbHI NEPETBOPEHHS: NEepPeHeCeHHs AoAaHKa B
OpYry YacTuHY 3i 3MiHO 3HaKa; MHOXEHHS (4iNeHHs)
060X YaCTWH Ha Yncno, BigMIHHE Bif HYNS; NiAHECEHHS
060X YacTVH [0 HEMAPHOro CTENeHs.

MeTog Hacnifkis: nepexoasaTb A0 PiBHAHHA-HACTIOKY,
a BCi 3HaNAEHI KOpeHi nepeBipsitoThb NiACTaHOBKOK B
[aHe piBHAHHA. MeTof piBHOCU/IbHUX NEPETBOPEHD:
KOXeH nepexif piBHOCUAbHWIA, ymoBM O[3 3anucytoTb
y cucTemy.

CTOPOHHI KOpEeHi 1 yTpaTa KOpeHiB

MOXyTb 3'AIBUTUCA CTOPOHHI KOpeHi (nepesipka
noTpibHa), SKLO:

* NigHecTn obuagi YacTUHW 0 NapHOro CTeneHs:

VT =—2 — x = 2%, CTOPOHHIl KOpiHb = = 1;

* po3wupnTn OA3 (CKOPOTUTU API6, 3aMiHNTK (1/a)?
Ha a): log, 4 =2 — x? = 4, CTOPOHHII KOPiHb = = —2;
* MOMHOXWTU 06UABI YaCTVHU Ha BUpas p(x) —
MOXYTb [08aTUCS KOPEHi PiBHAHHA ¢(z) = 0.

Mo)XHa BTpaTuTh KOPEeHi, AKLLO:

* 3By3nTN Of3: log,(z — 1)2 =0 — 2logy(z — 1) =0,
yTpaueHo KopiHb = = 0; vab — a - Vb;

* NOAINUTY 06MABI YAaCTMHWN Ha BMPA3 3i 3MIHHOHO;

r? =1 — x =1, yTpayeHo KopiHb x = 0.
PiBHOCWU/IbHI HEepiBHOCTI

PiBHOCW/IbHY HEpPIBHICTb (3 TIEIO CaMOK0 MHOXWHOHO
PO3B’'A3KiB) OTPUMAEMO, SKLLO A0 060X YaCTUH foAaTu
(BiAHATK) OAHE i1 Te came YMc/1o abo MOMHOXMNTU
(noginutn) 0buaBi YaCTUHM Ha OfHe i Te came
[0AaTHe YnCo; Ha Bi’EMHE YNC/I0 — 3MIHMBLLUM 3HAK
HEepIiBHOCTI Ha NPOTUAEXHWIA. Ha BMpas 3i 3MiHHOK —
nuie SKWo Ha Bein O3 BiH BU3HAYEHWIA | CTPOro
[ofaTHuiA (a6o CTPOro Bifd'€MHUIN).

P03B’s3k1 HeCTPOroi HepiBHOCTI f(z) > 0 — PO3B’A3KM
f(x) > 0 pa3om i3 KopeHAMU PiBHAHHA f(z) = 0.
MNpuknag: (22 —9)vVz —2>0 & x € {2} U[3; +00) —
TOYKY x = 2 JIerko 3aryouTu.
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2. MeTtogu po3B’sA3yBaHHA PIBHAHb 7-11 Kkn.

Po3knagaHHA Ha MHOXHUKMN

{f (z) =0,
f(@)-g9(z) =0 < 4 [9(z) =0,

x € D(f)N D(g).
KopiHb 04HOr0 MHOXHUKa NiAXOAUTb, SIMLLE AKLLO
ApYrvii MHOXHUK Y Uil Touli BU3HaveHwuit. Mpuknag;
(22 —4)y/z—1=0: x =4+2a60x =1; 2 = —2 He
BXoauTb 0o O3 (z > 1), TOMy KOpeHi 1; 2.
f(z) f(x) =0,
() =0 & {g(x)#o (z3043)
Po3knafatoTb BUHECEHHAM CMiSIbHOrO MHOXHWKA,
rpynyBaHHsAM, 3a hopmynamm:
a?—bv=(a—b)a+b) @
ar? +bxr +c=alx — r1)(z — z2) @
AKLLO x9 — KOPiHb MHOrounieHa P(x), T0
P(x) = (z — z9) Q(x); Ui KOPiHb MHOTouYNEHA 3
LinnmMm koequilieHTamn — AiNbHYK BiZIbHOTO YeHa.

3amiHa 3MiHHOT

Bupas, L0 NOBTOPIOETLCS, MO3HAYAEMO ¢, PO3B’'A3YEMO
PiBHAHHSA BIAHOCHO ¢ | MOBEpPTAaEMOCH A0 .
O6MEeXeHHs Ha t BpaxoByeEMO ogpasy: t = a2 > 0,
t=+/f(z) >0, t=a" >0, t=sinx € [-1; 1].

a2t =52 +4=0: t =2a?

(x2 — 4z)2 — (22 —42) —2=0: t = 22 — 4x;
log%x—logzx—2 =0: t =log,y .
Mpuknap: 4 —3-2* +2=0; t=2" > 0:
t2—3t+2=0,t=1a6ot=2,38iacn z = 0abo x = 1.

BnacTtuBoCTi (hpyHKLUiiA
Ouixka: skwo Ha O3 f(z) < aig(z) > a, TO

_ f(l‘) =a,
f@) =90 & {1020
Mpuknag: cosz = 1 + 2?; cosz <1 <1+ 22, TOMy
cosz =1iz%2 =0, omke, z=0.
MOHOTOHHICTb: SAKWO f 3pocTae (abo cnagae) Ha
MPOMIXKY, TO PIBHSAHHSA f(x) = a Ma€e Ha HbOMY He
6inbLUe 0HOro KOPEeHs; AKLWO f 3pocTae, a g cnajae,
TO f(z) = g(x) Mae He Binblue OQHOTO KOpeHs. Takuii
KOpiHb JocuTb yragatu. [Ina HepiBHOCTEN: AKWO f
3poctae Ha D(f), 10 f(z) > f(zo) & x> xo
( € D(f)).
O/13: AKLLO BOHA CKNafaEeTbCA 3 KifIbKOX vncen,
[OCUTb NEePEBIPUTY KOXHE 3 HUX.



FpacpiuHuii metop,

KopeHi piBHSIHHSA

f(x) = g(x) — abcuncm
CNiJIbHUX TOYOK rpadikis

y = f(z)iy=g(x): CKinbkn
CNiNbHNX TOYOK, CTi/IbKW 1A
KOpeHiB.

MeTopg, fae HabNMKeHi
3HAYEHHS, TOMY KOpEHi
nepesipsalTh; BiH
Han3pyYHiwwi, Wwo6
BM3HAUUTM KINbKICTb
KOpEHIB.

Mpuknag: 2* = 3 — x Ma€e EAVHUIA KOPiHb x = 1 —
rpadoikv 3pocTaryoi Ta cnagHoi hyHKUiA MatoTb He
6inbLie ogHIET CNiIbHOT TOYKM.

3. HepiBHocTi 10-11 K.

MeTop iHTepBaniB
AKLLO QOYHKLiS HenepepBHA Ha NPOMIKKY i HE Ma€e Ha
HbOMY HYNIiB, TO Ha LbOMY NMPOMIXKY BOHa 36epirae
CTanuii 3Hak. MHOrou1ieHn i gpoou gg;‘"; (P, Q—
MHOrQUNIEHN) HENEPEPBHI Ha CBOI 06NacTi
BM3HAYEHHS.

HepiBHicTb f(z) > 0 (< 0, > 0, < 0), Ae f HenepepBHa
Ha D(f), po3B’a3ytoTb Tak: 1) 3Haxogumo D(f) i Hyni
£ 2) Hyni 1 mexi D(f) po3éusatoTb D(f) Ha NPOMIXK/
3HaKOCTaNoCTi; 3) 3HaK Ha NPOMIXKY — SK Y ByAb-AKili
noro «npo6Hi» Touui; 4) 3anucyemo BignoBiab (415
HEeCTPOroi HepiBHOCTI — pa3om i3 HynsamMu). Yepes
HY/lb MHOXHWKA B NapHOMY CTeMNeHi 3HaK He
3MIHIOETBCSH, Y HEMAPHOMY — 3MIHIOETLCS.
(z—1)*(z+2)

Mpuknag; > 0:
z—3
F - - -
Y 5505050505055
-2 1 3 T

x € (—oo; —2] U {1} U (3; +00).

MokasHuKoBi i1 norapudmiuHi HepiBHOCTI
PiBHOCW/BbHI Nepexoy (a > 0, a # 1):

a>1 | 0<a<1
af (@) = q9(@) f(z) = g(x)
@) > o) f@) > g(@) | f@) < g@)
g, f(0) =togag(a) | {1102 900
f(x) > g(x), | [f(z) < g(x),
log, f(x) > log, g(x) {g(x) >0 {f(x) >0

3Hak HepiBHOCTI 36epiraeTbCs Npu a > 1 i 3MIHIETLCA
npu 0 < a < 1: PyHKLiT y = a” | y = log, = 3pocTatoTb
npu a > 1icnagaltb Npn 0 < a < 1. YMoBY
[00AaTHOCTI 3annCyoTh A1 MEHLLOro 3 Bupasis. And
>, <, < — aHaJ10ri4Ho.

Mpuknag: logs(z —1) <3 & 0<r—1<2% &
1<ax<9.

IppavuioHasbHI PIBHAHHA i HEPIBHOCTI — Y AOBIAHUKY
«CTeneHi, KopeHi, norapngmm».
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4. Cuctemun piBHSAHb 7-11 kn.

MeToau po3B’si3yBaHHsA CUCTEM
Po3B’A30k cuctemu 3 gBoma 3MiHHUMU — napa (z; y),
LLIO 3810BO/IbHSIE KOXHE Ti PIBHAHHS; PIBHOCUbHI
CUCTEMW MatOTh Ti cami PO3B’A3KN.
MigctaHoBKa: 3 04HOTO PIBHAHHA BUPAXAEMO 3MiHHY
(Hanp., y = f(z)) i nigcTaBnsEMo B gpyre.
JlofaBaHHs: piBHAHHSA, MOMHOXEHI Ha MigibpaHi uncna,
nofaemo (BigHIMaeMO), Wo6 ogHa 3MiHHA 3HUKNA;
AKLO OfHE PIBHAHHA 3aMiHUTU CYMOIO PiBHSHb
CUCTEMU, OTPUMAEMO PIBHOCUIIBHY CUCTEMY.
MHOXEeHHS 11 AineHHA: AKWOo F(z;y) = ¢ |
G(z;y) = ¢, e 1 # 0, ca # 0, TO 0AHE 3 PIBHAHb
MOXHa 3aMiHUTV Ha F - G = cic; a6o Ha & = o,
Jr—y=2,
Mpuknag: {xQ oy =6

x =3, y=1; po3B’a3ok (3; 1).

= z(x—y) =6, 2z =6,

pacpivuHuii meToq Ana cuctem
Po3B’a3ku cuctemn —

KOOpAMHATY CiNIbHNX TOYOK
rpadoikiB 1i PiBHSAHb: CKiSTbK/
CMiNIbHUX TOYOK, CTiSIbK/
PO3B’'A3KiB.

Cucrema {x2 + y; =9

y=a°-3

Tpu po3B’asku: (—/5; 2),
(v/5; 2) i (0; —3) — TouKy
[OTVKy Kona il napab6onu.

Mae

3amiHa 3MiHHUX Yy cuctemax

Burpasu, Lo NoBTOPOKTLCS, MO3HAYAEMO HOBUMY
3MiHHUMW. OAHOPIAHNIA MHOFOYIEH — YCI AOr0 Ys1IEHN
opaHoro ctenens (22 — 5xy + 6y2). AKWO B CUCTEMI
F(x;y) = a, G(x;y) = b MHorounenu F i G ogHopigHi,
3pyyHa 3amiHa 5 =t (napu 3 y = 0 NepeBipsATb
oKpemo): z2 — by + 63> =0 = t2—5t+6=0,

x = 2y abo x = 3y.

CVMETPUYHMWIA MHOTOYEH HE 3MIHIOETBLCS, SIKWO = i y
NOMIHATY Micusmu (z + vy, xy, 22 + 32, 22 +43). Ans
Takux cUcTeM — 3amiHa = + y = u, 2y = v:

22 +y? =u? — 2, 3 + 93 = u (u® — 3v);

TOAi x | y — KOPEHi t1, to PIBHAHHA 2 — ut + v = 0;
pO3B’A3kKM — napw (tq; t2) i (ta; t1).

5. PIBHSAAHHSA 1 HEPIBHOCTI 3 MOAyNeM  6-11 k.

PiBHAIHHA 3 Moaynem

la| = a, AKWO @ > 0; |a| = —a, AKWO a < 0 @)

la| 20, |—a| = la].

|f(z)| = a: Akwo a > 0, To f(x) = a abo f(x) = —a;
AKWOo a = 0, To f(z) = 0; AKWO a < 0, KOPEHiB HEMAE.

@) = lata)l = |19 290
[f(l’) = g(x),

f@I=9@) = { 1) = ~o(@)
g(z) >0

£ = @) & f(@)20

F@] = ~5@) & f@) <0



HepiBHOCTi 3 Mmogynem

lf(z)|<a,a>0 & —a< f(z)<a (Mpa <0
pO3B’A3KiB HEMAE);

|[f(z)] >a,a>0 & f(z) < —aabo f(z)>a (Npu
a < 0—ycix30/43).

(@) < g(e) & {f o

@) > o) & R0 240
[f(@)] <lg(@)| & f2(x) <g*(x). Ana <ix>—
aHanoriyHo, ane |f(z)| <0 f 0.

|z — a| — BigCTaHb MiX

TOuKamu z i a r r
KOOpAWHATHOI NPAMOI: a5,
|t —a| <r & a—r a atr ¥

a—r<zx<a+r (r>0).

Kinbka mogynis
Hyni Bupasis nig, mogynsMm po3éusatoTb YNCIOBY
NPAMY Ha MPOMIXKM, Ae 3HaKM LuMx Bupasis ctasi. Ha
KOXXHOMY MPOMIXKKY pO3KpMBAEMO MOAYi 3a
03HA4YEeHHAM, PO3B’A3YEMO I 3a1MLLIAEMO NnLe
PO3B’sI3KM 3 LIbOr0 NPOMIiXKY. Mpuknag;
|z — 1| + |z + 2| = 5.

x + 2. — +

r—1: = i —

+
+

T

—2 1
r< =2 —(x—1)—(x+2) =5, z =—3— NiAXo4uTb;
2<z<li (z-1)+(z+2)=5, 3=5—
PO3B'sI3KIB HEMAE;

x>1: (x—1)+ (x+2) =5, x=2— NiaAXoanTb.
Bignosigb: —3; 2.

6. PiBHAIHHA 3 NapaMeTpoMm 7-11 k.

LLlo o3Hauae po3B’sa3aTu PiBHAHHA 3 NapamMmeTpoMm
MapameTp — 6ykBa (3a3Buyaii a), Ky BBaXXatoTb
BiAOMMM, ane A0BiIbHUM YncnoM. Po3B’szatu
PIBHAHHSA 3 NAapaMeTpOM — /151 KOXKHOTO 3HAYEHHS
napameTpa 3HaliTu BCi KOpeHi abo BCTAHOBUTM, LU0 iX
HeMae. YacTo LyKatoTb 3HAYEHHSI NapameTpa, 3a SKux
PIBHAHHA Ma€ 3aaHy KifIbKICTb KOPEHIB.
NiHiliHe piBHAHHA ax = b:

|a#0| a=0b=0 | a=0,0#0

.|
z=- Oyab-sIKe uncno

KOpeHi KOpeHiB HemMae

Mpvknag: (a — 2)r = a? — 4: AKWO a # 2, T0Oz = a + 2;
AKWO a = 2, To 0 = 0 i KOpeHeM € Byb-sKe YnUcno.
HepiBHIiCTb ax > b: Npu a > 0 Maemo = > g; npua <0
MaeEMO x < g; npu a = 0 po3B’A3KOM € Byab-sike =,
AKWO b < 0, | pO3B’A3KIB HEMAE, AKLWOo b > 0.

KBagpartHe piBHAAHHA, J,OOYTOK i Api6 3
napameTpom

AKLLO KoediLiEHT Npu x2 3aNeXnTb Big napaMeTpa,
cnoyaTky OKpemo po3risagaemo BMnagok, Koau BiH
[OOPIBHIOE HY/IO: PIBHSHHA CTa€ NiHikHMM. dani
aw2+bm+c:0,a7é0 @ D =% — 4ac @:

D > 0 — aBa KopeHi; D = 0 — 0fu1H KOpiHb

b .
T=—5 @; D < 0— KopeHiB Hemae.
a

Mpuknag: (a + 6)z% — (a — 2)x + 1 = 0 Ma€e oAuH
KOpiHb, AKWO a = —6 (Togi 8x + 1 = 0) abo

D = (a—2)? —4(a+6) = a®> — 8a — 20 = 0, TO6TO
a=—-241a = 10.

KopiHb MHOXHUKa (YncenibHKa) paxyemo, SiLle SKLO
BiH BXoAWTb A0 Of13 i He € HyNleM 3HaMEHHUKa,;
OfIHaKOBI KOpPEeHi paxyemMo oauH pas. Mpuknag,:

(x —a)vz —1=0: x =1 — KOpiHb 3a ByAb-AKOrO «;
T = a — LWWe OfMH KOPiHb, AKWO a > 1. OTXe, ABa
KopeHi npu a > 1, oguH — npu a < 1.

3amiHa 3MiHHOI B pPiBHSAIHHI 3 NapamMmeTpom
Paxyemo kopeHi gns x, a He ansa t.

et =10" (b >0, b+# 1): kOKHOMY t > 0 BignoBigae ognH
KOpiHb x; Npu ¢t < 0 KOPEHIB HEMAE;

ot = 2%: KOXHOMY ¢ > 0 BiANOBigAOTb ABA KOPEHI

r = ++/t, 3HAYEHHI0 t = 0 — OAYH KOPiHb = = 0; Npu
t < 0 KOpeHiB HeMae.

Mpuknag: 4 — (a+1)-2°+a=0; t=2% > 0:
(t—1)(t —a)=0.3HaYeHHA t =1 pae 2 =0, a

t = a — We OfMH KOPiHb x = log, a, AKWO a > 0 |

a # 1. OTXe, ABa KOpeHi — npn a > 0, a # 1; ognH —
npua < 0aboa = 1.

MpachiuHuii meTop i3 NnapameTpom

KinbkicTb KOPEHIB PIBHAHHSA f () = a OOPIBHIOE
KINIbKOCTI CNiNibHMX TOYOK rpaddika y = f(x) i
FOPU30HTa/TLHOI NPAMOT y = a; KOPEHI € To4i i nvwe
Togi, konm a € E(f) (Hanp., 2% = a — nvwwe npu

a > 0).

Yty = [z — 4]

) :
V | V.

-2 0) 2

|z2 — 4] = a: a < 0 — KOpEHIB HeMaE; a = 0 — ABa;
0<a<4—yotnpu; a =4 — Tpun; a > 4 — ABa.
YacTo 3pyyHo BMpa3nTu napameTp yepes = (a = g(z)) i
LUYKaTW, CKINIbKM CRiNIbHNX TOHOK Mae rpadik y = g(x)
(3 ypaxyBaHHAM O[13) i3 npsAMOt0 y = a.

FAKLLO pa3oMm i3 po3B’A3KOM zq (260 (zo; yo))
PO3B’A3KOM € i —x (BIANOBIAHO (—zo; Yo)), TO EANHNIA
PO3B’A30K MOXNMBUIA NinLLe Npu xo = 0; 3HaWAeHi Tak
3Ha4YeHHs napameTpa 060B’A3KOBO NepeBipsAoTh.

[xepena: nporpama 3HO 3 matematuky (Haka3 MOH Ne 1513 Big 04.12.2019), 3a akoto cknagatoTe HMT; gosigkosi matepianv HMT 3 matematukm
(YLIOAO, unHHi gnss HMT-2026); nigpyyHukn A.T. Mep3nsika Ta iH.: Matematuka ans 6 knacy (2023), anrebpa gns 7 (2024), 8 (2021) i 9 (2017) knacis,

anrebpa i noyatkn aHanisy npodinbHoro pisHa gns 10 (2018) i 11 (2019) knaci..
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