TpuroHomeTpis

[oBigHviK ansa nigrotoskn 4o HMT 3 maTtemaTtuku

@ — dopmyna € B J0BIAKOBUX MaTepianax, ki MoxHa BigkpuTy nig yac HMT. dopmynn 6e3 3Hauka Tpeba nam’araru.
Mo3HayeHHs: n, k — AOBINbHI Uini uncna (n € Z, k € Z); apryMeHT! TPUTOHOMETPUYHKX (DYHKLiF — y pagiaHax (rpafycy no3HaYeHo
3Hakom °); D(y), E(y) — obnacTb BU3Ha4YeHHs i 06n1acTb 3Ha4eHb OYHKLT; 7" — nepiog,.

— Knac i NyHKT nigpyyHrka A.T. Mep3nska Ta iH. (anrebpa i noyatkm aHanisy, NpodifibHWiA piBeHb: 10 kn. — 2018). —

Homepu 3aBgaHb HMT, ge us tema Tpannsnacs y 2024—-2026 pp.: Ne 11 — TpUroHoMeTpuyHe piBHSHHS; Ne 16 — B1acTUBOCTI i rpaduiku
oYHKU,I; Ne 17 — 3Ha4YeHHS TPUrOHOMETPUYHMX BMPA3iB.

1. TpuroHomMeTpuUUHi (pyHKLiT Yncnosoro 3HauYEHHs ANA AeAKUX KyTiB
aprymeHrty 10 k1. g T T T T 3 9
_ : “ 6 4 3 2 " 2 7T
PagiaHHa Mmipa KyTa 0° 30° 45° 60° 90° 180° 270° 360°
KyT B 1 pagiiaH — LeHTpasibHWiA KyT, L0 CNMpaeTbCs ] 1 V2 V3
Ha [yry, AOBXMHA AKOT AOPIBHIOE pagiycy kona. sine 1 05— & 10 -1 0 @
. 180\° . 3 V2 1
7 pag = 180°, 1pa,q:<7) ~ 57 cosa | 1 g g 3 0 -1 0 1 @
Mpasycn nepeBoasTh Y pagiaHn MHOXEHHSM Ha 155, V3
. 180° . tga |0 — 1 V3 — 0 — 0 @
pafiiaHu B rpafycn — MHOXEHHAM Ha = 3
— _ 3 5w _ 5-180° __
1357 = 135 g5 = 3, % = 280" = 150°. «Pagp dgal— vi 1 VB o — o —
3a3Buyali He NULLYTh: sin 2 — CUHYC KyTa 2 pagiaHu. 3
30°=7Z, 45° =2, 60° =%, 90° = 5, 120° = %ﬂ «—» — He icHye. Pagka ctg y gosigui HMT Hemae:
1
135° = 9, 150° = i, 270° = . cga= o (0 # ) cigg =cig T =0.
JoBxuHa ayrn kona pagiyca R, Aka MiCTUTb « paj; IHLLI KyTI — 33 (DOPMYNAMU 3BECHHS:
[=aR. 2 0 0 1
(Migpyunuk) 10 k1., n. 16 (HMT) Ne 17 cos?:cos<7r—§) :—cosgz—i.
CUHYC, KOCUHYC, TAHTEHC | KOTAHTeHC 10wn., n. 171 cpopsay 4; . 24 Nel7
) )
OauHMYHe Kono — Koo . .
iyca 1 i3 ueHTpom O(0; 0) OfMHUYHE KOJI0: OCHOBHI KyTu
pajlyca UeHTP ) Y Touka KyTa o Mae
Touky Py(1; 0) nosepTatoThb P KoOpAMHATY
HaBkono O Ha kyT a (npotn /[ ; i Y o T
- . sina : (cosa; sina): 2 2 T
rOAVHHMKOBOI CTPINIKN — a i\ Po - V3. 1 37 3 E
. . T (33 L), i T
a > 0, 3a CTPpiNKo — o < 0) i O|cosa | z 6 22 22 5rd 4
T . —_ —
OTPUMYIOTb TOUKY P(z; y) (Y T (% %) 6 6
. . . s 1. V3
AoBiayi HMT — M): (3 %2). _ o
siha =y, cosa=2x @) ToukM KyTIB v Il 7 — « 15} z
sin o - CUMETPUYHI BiGHOCHO
tga=—— @ (0 # 5 +7k) oci y (piBHi cMHYCK), o i %T ”T”
. . 57 e
ctga = 2L (o £ k) —a — BIAHOCHO OCl & T dn —y
sina . (piBHI KOCKHYCK), o i 5 3
—1<sina<l1, —-1<cosa<1; tgalctgoz T+ @ — BifHOCHO TOYKMU 2
H_a6yBa_.IOTb OyAb-SIKMX 3HadeHb. Kytam a i a + 27n O (piBHi TaHreHcn).
BiAnoBigae Ta cama Touka P. 2
n 10 kn., n. 16-18 (HMT) Ne 11, 17
10 kn., n. 16, 17 Ne17 T °
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3Haku, napHicTb, NepioANYHICTb
3Haku 3a KOOPAMHATHUMW YBEPTAMM:
sin « Cos tga, ctga

Y Y Y
m -+ — |+

MapHicTb: cos(—a) = cos « (NapHa oyHKLINA);
sin(—a) = —sina, tg(—a) = —tga,

ctg(—a) = — ctg a (HenapHi).

MepiognyHicTb: sin(a + 27n) = sin o,

cos(a + 2mn) = cos a, tg(a + mn) = tg a,

ctg(a + m) = ctg a.

®yHKUit0 f HA3VBaKOTb NEPIOAMYHOIO 3 NepiofoM

T # 0, AKLLO ANSA KOXHOro = € D(f):

flx=T)= f(z) = f(xr+T). FonoBHWiA (HaiMeHLLNI
AofaTtHuin) nepiod: 2w — ANdA sin i cos, ™ — A4 tg i
ctg.

Mpuknag;

sin<713§) = fsin<47r + E) = fsinz = 7@_

3 3 2
10 kn., n. 18, 19

Ne16, 17

2. M'padpiku it BnacTnBOCTi (pyHKLi 10 kn.

OCHOBHiI cniBBigHOLIEHHSA
sina +cos?a =1 (@ — /15 6yAb-AKOr0 «

1
2 _ s
1+ tg a-COSQa@(a#§+Wk)
1+ctg?a = —— (o # 7k)
sin® «

tga-ctga =1 (a # %)

3Hak y hopmynax sin o = +v/1 — cos? o,

cos @ = £1/1 — sin? o BUBMPAIOTH 3a YBEPTIO, Y AKii
NexuTb .

. 7 3
Mpuknag: sina = 55 7 <a< - (M yBepTb, TOMY

<0y L4 24 7
T cosa = — _— = -, = —,
COS ¥ (0% 625 25 gO[ 24

10 kn., n. 22 Ne 17

DPYHKUIT y = sinz iy = cosz

=sinx 1
y s

/
|
)
j |
ol
¥
N\

I
-
0|3
3
8

Y
1
Yy = Cosx i
- x |
1 2 1 2 ! 2
y =sinx Y =COSZT
D(y) R R
E(y) [—1; 1] [=1; 1]
Mepiog, 2T 2w
MapHicTb HenapHa napHa
Hyni T =T7n m:g—ﬂrn
™ 7I'
y>0 (2mn; ™+ 27n) (—5 + 27n; 5+ 27Tn)
y<0 (m + 2mn; 27 + 27n) (g + 27n; 3% + 27m>
3pocTae [—g + 27n; g + 27rn] [ + 27n; 27 + 27n)
Cnapae [g + 27n; 3% + 27m} [27n; m + 27n]
Haii6inbwe | 1 npuazx = g +2mn 1npuz = 2mn
HaiimeHwe | —1 npu x = —g+27m —-1lnpnz =7+ 2mn

Mpadik y = cos z — cuHycoiga y = sin x, NepeHeceHa
Ha Z niBopyy: cosz = sin(z + 3).

10k, 1. 20

(HMT) Ne 16
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PYHKUiTy = tgx iy =ctgr

Py : : Y :
ENYa P\ r 1\ ¢
L2 Lo : T2 2
A > =
-l O «m! T l-m 0O Tl
| 7| | |
y=tgx y=ctgx
y=tgx y=ctgx
™
D(y) 557554-#% T #£ 7
E(y) R R
Mepiog T T
MapHicTb HenapHa HenapHa
Hyni r="7n m:g+ﬂn
y>0 (7rn; g-l-ﬂ'n) (71'71; g—l—ﬂn)
y<0 (—g-{-ﬂn; TF’I’L) (—%-{—Trn; TF’I’L)
3pocTae (7g + 7n; g + Trn) —
Cnagae — (mn; ™+ 7n)
Haii6inbLoro i HalnMEeHLLIOro 3Ha4eHb He MatoThb.
ﬂpﬂMi r=745+mn(@natgr)iz=mn (,Cl,nﬂlctg x)
rpacik He NepeTUHaE: y UMx Toukax qyHKLis He
BM3Ha4yeHa.
(Migpyunuk) 10 k., n. 21 (HMT) Ne 16

3. TpuroHomeTpuuHiI hopmynu 10 K.

dopmynn goaaBaHHsA
cos(aw — 8) = cosacos B + sinasin 3
cos(a+ ) = cosacos f — sin asin 8
sin(a + ) = sina cos 8 + cos asin 3
sin(a — f) = sina cos 8 — cos asin 3

tga+tg B tga —tg
tg(a+p8) = T_tgatgp’ tg(a—ﬁ):m
(AKWO cos v # 0, cos 8 # 01 cos(a £ ) # 0)
Mpuknag: cos 70° cos 10° 4 sin 70° sin 10° = cos 60° = %
JonomixHuii kyT (a? + b% # 0):

asinz + beosx = Va2 + b2 sin(x + ¢), ge
cosp = ﬁ, sinp = ﬁ. Mpuknaga:

sinz 4+ V3 cosz = 2sin(z + 7).
(Migpysrui) 10 k., 1. 23, 31

(HMT) Ne 17

O6nacTb 3HaueHb i nepiog
[nsa doyHkuil Y
y=Asin(kz +b)+mi 2
y = Acos(kx+b)+m (A#D0,
k # 0 — 6yAb-aKi uncnay):

B(y) = [m — |A; m + |A]] %
o . 2
ronioBHUN nepiopn T' = m -

(Bo —1 <sint <1i—1<cost <1.) Ha pucyHky:
y=2sin2x+1, E(y)=[-1;3], T =m.
MepeTBOpeHHS rpadikis — y A0BIAHUKY «PYHKLIT Ta
rpadikm».

Ansy = tg(kx +b) iy = ctg(kz + b) (k # 0) ronoBHWiA
nepiog T = fﬂ

Mpuknagun: 1 — 4 cos  HabyBae 3Ha4eHb Big —3 40 5;
sinz cosx = % sin 2x — Bif, —% o %; asinx +bcosx —
Bif —va? + b2 [0 Va2 + b2 ([ONOMDKHWIA KyT).
3amiHat =sinx, t € [-1; 1]: sin®z —sinz =2 — ¢
HaGyBa€ 3HaueHb Big —1 (npu ¢t = 1) go 2 (npm
t=—1).

10«n., n. 17, 19, 20, 23

(HMT) Ne 16

dopmynn 3BegeHHs
P 3 .
Ansa apryl_weHTls 3 i a, Tra, T Ea
1) y npasBiit YacTuHI CTaBNATb TOW 3HaK, KU Masna 6
niga YactrHa npn 0 < o < 3 (cama cpopmyna
npasunbHa ans 6yab-saKoro «);
g o .
2) phA 5 £ «i 57 £ a HasBy yHKLI 3M|H}0}9Tb.
sin <> cos, tg > ctg; ANA T + o Ha3Ba He 3MIHIOETLCA.

L. 3m 3
Mpuknag; sm(7 — a) = —cosa (KyT = — o IeXNTb y
[l uBepTi, Tam sin < 0; Ha3Ba 3MIHIETLCSA).
3 gosigkm HMT (Tam KyTu 3anucaHo B rpagycax):

sin(%—!—a) =cosa (f) cos(z—i—oz) = —sina (@)

2
1 .
tg(g—&—a) = Tlga @ (o # %)
sin(m — ) =sina @ cos(mr —a) = —cosa (@

tg(r—a)=—tga @

Takox sin(g — a) = cos q, cos(g — a) = sin «,

tg(g - a) =ctga, tg(% + a) = —ctga.

Cnepuly BigknaaloTb Ui nepiogu: sin 930° =

sin(2 - 360° 4 210°) = sin(180° 4 30°) = —sin 30° = — 3.
(Migpyunuk) 10 k., n. 24 (HMT) Ne 17
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MoagiiiHnii i NONOBMHHWIT aprymMmeHT

sin2a = 2sinacosa () cos 2a = cos? o — sin? o (@

cos2a=1—2sin?a =2cos?a — 1

2tga 0 ™ 7wk
tg2a0 = ———— — k, -+ —
gla=1 2, @AgtmhoaZito)
MOoHMXEHHs cTeneHs:
. 9 1 — cos22« 9 1+ cos22«
sin a:#, cos a:#

Te came: 1 — cos 2a = 2sin? a, 1+ cos2a = 2cos?a.

MoNOBUHHWIA apryMeHT (« 3aMiCTb 2¢):
.9 1 —cosw 5« 1+ cosa
sin® — = ——, cos* — = —
2 2 2 2
MOTPIiiiHWIA apryMeHT: sin 3o = 3sin o — 4sin® «,

cos3a = 4cos® o — 3cos a.

1 1

Mpuknagm: sin 15° cos 15° = 3 sin 30° = Z;
COSZE —sinZz —cosE = @
8 8 4 27

(Migpy4Huk) 10 k., n. 25 (HMT) Ne 17




Cyma i pi3HULSA CUHYCIB | KOCUHYCIB

HaiinpocrTiwi TPUroHomMmeTpUUHi piBHAHHSA
PiBHAHHA KopeHi

sina + sin 8 = 2sin a—;,@ cos a;,@
sina —sin g = 2sina_ﬁcosa+ﬁ
2 2

cosa—i—cosﬁchosa;ﬂcosagﬁ
cosa — cosff = —QSina;Bsina;B
[o6yTOK y cymy:

1
sinz cosy = i(sin(x —y) +sin(z + y))

1
cosTCosy = 5 (cos(z —y) + cos(z +y))

1
sinzsiny = 5 (cos(z —y) — cos(z + 1))

6

Mpuknag: sin 75° + sin 15° = 28in45° cos 30° = %
10 kn., n. 26 Ne 17
4. PiBHAAHHSA i HEPIBHOCTI 10 Kn.

cosz =b, |b|<1|xz=xarccosb+2mn, n€Z
sine =b, |b| <1 |2=(-1)"arcsinb+ 7k, k€ Z
tgx =10 xr = arctgb+mn, n € Z

ctgr =10 xr = arcctgb+ mn, n € Z

AKWoO |b] > 1, PIBHAHHA cosz = b i sinz = b KOPEHIB He
MaloTb. [HLLNIG 3aNnC KOPEHIB PIBHAHHA sinx = b:
x = arcsinb 4+ 27n abo x = 7w — arcsin b 4 27n.

cosz = b, o = arccosb sinx = b, « = arcsinb

Oxkpewmi Bunagku (ix BapTo nam’ataTn):

ApKKOCVIHyC, APKCUHYC, apKTaHreHC, apKKOTaHreHc
arccosb (|b] < 1) — uncno 3 NPOMIXKY [0; 7], KOCUHYC
SIKOTO [AOPIBHIOE b;

arcsinb (|b| < 1) — 4MCNO 3 NPOMIXKY [—g; g} CUHYC
SKOTO [IOPIBHIOE b;

arctg b — YMC/I0 3 NPOMIXKKY (—g; g) TaHreHc AKoro
[OPIBHIOE b;

arcctg b — umcno 3 NPOMiXKy (0; ), KOTAHFeHC AKOoro
[OPIBHIOE b.

arcsin(—z) = — arcsin z, arccos(—x) = m — arccos x,
arctg(—z) = —arctgz, arcctg(—x) = m — arcctg x;
sin(arcsin z) = x, cos(arccosz) = x; tg(arctgz) = z,
ctg(arcctg x) = x;

™ T
arcsin z + arccosx = 3 arctg x + arcctgr = 7
dopmMynn 3 arcsin z | arccos z — nuwe ana |z| < 1.
Movknaon: .1 ( 1) ™ 27
Jarcsin — = —; arccos|—— | =71 — = = —;
pvKnag 2 6 52 3 3
7r ™
arctg(—1) = —Z; arcctg(—\/g) =5
Xoua cos(—%) = 3, ane arccos 3 = %, 60 —% ¢ [0; 7.
10 kn., n. 27-30 Ne 11

| b=1 b=0 b=—1
sinz =b x:g+27m T =7n :E:72+27T7’L
cosx =b T =27mn x:§+7m T =m+2mn

) 1
Mpuknagu: sinx = —5:

x = (—1)k(—%) + k= (—1)’““% + 7k;

2 3 3
cos4x:—g: 4x:i£+27rn, x:il—g+%.
10 k71., 0. 27-29 Ne 11
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MeToau po3B’A3yBaHHSA PiBHAHb

« 3amiHa 3MiHHOI: 3a AONOMOro dopMyn NepexogaTb
[0 OAHI€ET PYHKLIT 0OAHOrO aprymeHTy

(sin?x =1 — cos? z, cos2z =1 — 2sin® z TOWO).
Mpuknag: 2 cos? z — sinz — 1 = 0;

2sinz +sinz —1=0; ¢t =sinx, [t| <1: t= % abo
t=-1; 2= (-1)"% + 7k a6o z = —% + 2mn.

e OfHOPIAHI PIBHAHHA: asinz + bcosz =0 (a # 0) —
AiNATb Ha cos 21 tgx = —2;

asin®z + bsinz cosz 4 ccos’> z = 0 (a # 0) — AiNATL
Hacos’z: atg?z +btgx +c=0.

KopeHi He rybnstbes: 5ikom cosx = 0, TO i sinz = 0, a
Lie HEMOXX/IMBO.

Mpuknag: sinz +cosx = 0; tgz = —1; = -7 +mn.
* Po3knafaHHs Ha MHOXHWKW: JOBYTOK LOPIBHIOE
HY/110, SIKLLO X04a 6 0AMH MHOXHUK LOPIBHIOE HY/HO, &
iHLI NpU LbOMY MatoTb 3MICT. MNpuknag;: sin 2z = sin z;
sinz (2cosxz — 1) = 0; = mn abo r = +%5 + 2mn.

e asinx + bcosx = ¢ — Yepes AOMNOMDKHWUIA KyT:
ﬁ. Mpuknag: v/3cosz + sinz = 2;
sin(m—f— g) =1, z = % + 27n.

* OBMEeXeHiCTb: ocKifibkn sinx < 11 cosy < 1, piBHICTb
sinz + cosy = 2 MOX/IMBA SIMLLIE TOA|, KoNu sinz = 1 i
cosy = 1.

* AKWO B PiBHSAHHI € tg, ctg abo Api6, 3HAWAEHI KOpPEeHi
nepesipsoTb (OA3).

10 kn., n. 31, 32

sin(z + ¢) =

Ne 11




KopeHi Ha npoMiXKy TpuroHomeTpuyHi HepiBHOCTI

KopeHi piBHAHHA f(x) = b — abcumcy CnisibHUX TOYOK 1) Ha ogvHMYHOMY KOJli MO3HAaYalTb TOUKN, Y AKX
rpadika y = f(x) i npamoi y = b. Ha pucyHky — sinx = a (MpAMa y = a) abo cosxz = a (NpsAMa x = a).
y =sinz Ha [0; 2x] inpamay = b, ae 0 < b < 1. 2) BuginswTb Ayry, Ha SKili HEPIBHICTb BUKOHYETHCS, |

3anuCcyoTb KyTH i KiHLiB, pyxaruncb NpoTtu
FOAUHHMKOBOI CTPISIKU: MEHLUWIA KyT — Ha noyarky
ayru.

3) OJopatoTb nepiod: 27n. KiHUi Ayrn BXoOATh Y
BiAMNOBIAb SIMLLIE A1 HECTPOroT HEPIBHOCTI.

PiBHAHHSA sinz = b Ha [0; 27| Mae: 2 KOpeHi, AKL0
—1<b<0abo0<b<1; 3«KopeHi, Akwo b =0

(x =0, 7, 2m); 1 KOpiHb, AKWO b = £1; XO04HOrO, AKLWO
|b] > 1.

x
KopeHi i3 3arasibHOT hopmynu gobupatoThb,
nigctaBnsiioun n = 0, +1, £2, ... cosz = 1 Ha
0;27] —z=Zix=3C (z=+Z +2mnnpun=20i
n’: 1) 3 3 3 sinm>%: cosxg—‘f:
) s 5T 3 5w
(Miapysnnk) 10 k., 0. 27, 28 (HMT) Ne 11 6 T2mn <z <Sg 42 F+2mn <z <P+ 2mn

[nA tgx i ctg x PO3B’A3Y0Tb HA NPOMIXKKY 3aBLOBXKNA T
3a rpacpikom i gopgatotb . tgx < 1:

T ymn<z< g

10 1., n. 33

[xepena: nporpama 3HO 3 matematuky (Haka3 MOH Ne 1513 Big 04.12.2019), 3a akoto cknagatoTs HMT; gosigkosi matepiany HMT 3 matematukm
(YUOHAO, unHHi ana HMT-2026); nigpy4Hunk anrebpu i nouatkis aHasnisy npodinbHoro piHs A. . Mep3anska Ta iH. ansa 10 knacy (2018).
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